Abstract. Given a complete discrete valued ring O of mixed characteristic and finite residue field k, we construct a morphism r : R O → W O,k between the Greenberg algebra of O and the special fiber of the scheme of ramified Witt vectors over O. We show that it is surjective with pro-infinitesimal kernel.
The paper is organized as follows. First we briefly recall the definition of Greenberg algebras. In Section 2 we introduce the ring scheme of ramified Spec(k) which is surjective with pro-infinitesimal kernel (Theorem 3.2).
Greenberg algebras
Let W (resp. W m ) denote the ring scheme of (p-typical) Witt vectors of infinite length (resp. length m) over Spec(Z) and let W k (resp. W m,k ) be their base change to Spec(k). Let O be a complete discrete valuation ring with field of fractions K of characteristic 0 and perfect residue field k of positive characteristic p. Let π ∈ O denote a fixed uniformizing parameter and e the absolute ramification index so that
The Greenberg algebra associated to the artinian local ring O/π n O, n ≥ 1, is the k-ring scheme R n which represents the fpqc sheaf associated to the presheaf
it is unique up to unique isomorphism (depending on the choice of π) [Lip, Proposition A.1] . The explicit description of R n requires some work in general (we refer the interested reader to [Gre, Lip, BGA] ) but is easy when considering indexes which are multiple of e. Indeed R me = e−1 i=0 W m,k and for any k-algebra A it is R me (A) = ⊕W m (A)
see [BGA, (3.6) and Remark 3.7(a)], where O is denoted by R, and [BGA, Lemma 4.4] with R ′ = O, R = W (k), m = n and R n denoted by R n . Hence the addition law on the k-ring scheme R me is defined component wise (via the group structure of W m,k ) while the multiplication depends on the Eisenstein polynomial f π ∈ W (k) [T ] of π which twists components.
The canonical homomorphisms O/π
ne O → O/π me O, n ≥ m, induce morphisms of ring schemes R ne → R me [Lip, Proposition A.1 (iii) ] and the Greenberg algebra associated to O is then defined as the affine k-ring scheme
(see [BGA, §5] where R O is denoted by R). We have
for any k-algebra A [BGA, (5.4) ]; note that by [BGA, Lemma 4.4 ] the hypothesis A semiperfect in [BGA, (5.4) ] is superfluous since lim ← −m∈N R me = lim ← −n∈N R n .
We will say that R O is an O-algebra scheme over Spec(k) since, as a functor on affine k-schemes, it takes values on O-algebras.
If e = 1, i.e., if O = W (k), then R O coincides with W k .
Ramified Witt vectors
For any O-scheme X, we write X k for its special fiber and if f : X → Y is a morphism of O-schemes and A is an O-algebra, we write f A for f (Spec(A)). We use bold font for (ramified) Witt vectors or important morphisms.
Assume for this section that k = F q , q = p h and write O 0 = W (k). For any O-algebra B one defines the O-algebra of ramified Witt vectors W O (B) as the set B N 0 endowed with a structure of O-algebra in such a way that the map
is the product ring and O acts via multiplication in each component). Notation is the one in [Dri, FF] , while [Sch] 
The above construction provides a ring scheme (and in fact an O-algebra scheme)
induced by the Witt polynomials
O will denote the composition of Φ with the projection on the nth component. If one works only with Φ i , 0 ≤ i < n, one gets an affine ring scheme W O,n isomorphic, via the first nth Witt polynomials, to If B admits an endomorphism of O-algebras σ such that σ(b) ≡ b q mod πB for any b ∈ B then the image of Φ B can be characterized as follows (2.1) (a n ) n∈N 0 ∈ ImΦ B ⇔ σ(a n ) ≡ a n+1 mod π n+1 B ∀n ∈ N 0 ; [Sch, Prop. 1.1.5] . As an example we may take
Lemma 2.2. Let σ : B → B be an endomorphism of O-algebras, ̟ ∈ B an element such that π ∈ ̟B and f ∈ N.
only the first equivalence has to be proved. We first note that
Hence by (2.1)
where the equivalences hold modulo ̟ f n+1 B. 
). Now, since h can be identified with an element (h 0 , . . . ) ∈ B N 0 , where h i = h * (Z i ), we can rephrase (2.1) as follows:
Remark 2.4. a) Note that if B has no π-torsion and h factors through Φ, then it factors uniquely. Indeed, let u, u 
is a morphism of reduced group (resp. ring) schemes with 
. Similar arguments work for the multiplication law when working with morphisms of ring schemes.
As applications of (2.1) and (2.3) we get the existence of the Frobenius, Verschiebung and Teichmüller maps on the Witt schemes as well as of endomorphisms λ for any λ ∈ O.
Lemma 2.5. For λ ∈ O let f λ be the group endomorphism of A
Uniqueness of λ and the fact that it is a morphism of group schemes follow by Remark 2.4 a) and c).
Lemma 2.6. Let f be the ring endomorphism of
Then there exists a unique ring scheme endomorphism F of
Uniqueness of F and the fact that it is a morphism of ring schemes follow by Remark 2.4 a) and c).
The ring scheme endomorphism F is called the Frobenius. By a direct computation one checks that for any O-algebra A it is
and further if A is a k-algebra
Lemma 2.9. Let v be the endomorphism of
. Then V exists as soon as the condition in (2.3) is satisfies for h = v • Φ, i.e., if πΦ n−1 (X q ) ≡ πΦ n (X) modulo π n+1 for any n. This is evident since Φ n (X) = Φ n−1 (X q ) + π n X n . Uniqueness of V and the fact that it is a morphism of group schemes follow by Remark 2.4 a) and c).
] and that
Lemma 2.12.
It is a multiplicative section of Φ 0 .
Proof. Take in (2.3) h = σ. Then h * (Z n ) = T q n and the condition (2.3) is satisfied, whence τ exists. Note that τ may be viewed as an element of W O (O[T ]). Uniqueness follows by Remark 2.4 a) and the fact that it is multiplicative can be proved as in Remark 2.4 c) since σ is multiplicative. Further by construction τ is a section of
Note that σ is not a morphism of O-group schemes and hence we can not expect that τ is a morphism of group schemes.
Remark 2.13. For any subset I ⊂ N 0 and any
is simply obtained by "gluing" the two vectors, i.e.,
For proving this fact, since A can be written as quotient of a polynomial algebra over O with possibly infinitely many indeterminates, we may assume that A is π-torsion free. In this case d is uniquely determined by the condition
; since for any index i either b i or c i (or both) is zero, the above choice of d i works. More generally, if I 0 , . . . , I r , are disjoint subsets of N 0 , and b j are vectors in W O,I j (A), then the sum b 0 + · · · + b r is obtained by "gluing" the vectors b j .
As immediate consequence, any a = (a 0 , a 1 
Lemma 2.14. Let B be a k-algebra and consider the map
If B is reduced (resp. semiperfect, perfect) the above map is injective (resp. surjective, bijective). Hence if B is semiperfect (resp. perfect), any element of
can be written (resp. uniquely written) in the form
Proof. By (2.10), (2.11), (2.7) and Remark 2.13 it is 
and by (2.8)
denotes any q i th root of b i , which exists since B is semiperfect. Hence surjectivity is clear too.
Drinfeld morphism. Let K
′ denote a finite extension of K with residue field k ′ = F q f , ring of integers O ′ and ramification degree e; since we don't work with absolute ramification indexes in this section, there is no risk of confusion with notation of Section 1. We fix a uniformizing parameter ̟ ∈ O ′ and write π = α̟ e with α invertible in O ′ . Let Note that the commutativity of (2.17) says that for any O ′ -algebra B and any
The morphism u is called Drinfeld morphism. Note that we can not expect u to be an isomorphism in general. Indeed, by [Sch, Lemma 1.1.3] , Φ and Φ ′ become isomorphisms on generic fibers (i.e., after inverting ̟) and hence the restriction of u to generic fibers can be identified with the projection morphism Π
be the morphism in the proof of Lemma 2.12 and
O ′ the analogous morphism for O ′ ; it maps the indeterminate Z i to T q f i . Then τ ′ is uniquely determined by the property
As a consequence of this lemma and O-linearity, for any 
, the conclusion follows by Remark 2.4 a).
Lemma 2.21. Let π/̟ denote the group homomorphism of
Proof. Let this time Π
O ′ be the morphism which maps Z 0 to 0 and Z j to πZ f j−1 if j > 0 and note that Π
We now discuss the injectivity and surjectivity of u B when B is a k ′ -algebra. 
Note that if O ′ = O and B is not reduced, then u B is never injective. Indeed let 0 = b ∈ B such that b p = 0. Then by Lemma 2.21 we have 
one checks recursively that u 0 = X 0 and u i ≡ X
thus the claim.
for any i ≥ 0. This implies that u B is injective if B is reduced (as already seen in Lemma 2.23), surjective if B is semiperfect and bijective if B is perfect.
Under the assumption that π = ̟ e , the homomorphism u B has a still nicer description. Note that if O ′ /O is tamely ramified the hypothesis is satisfied up to enlarging O ′ .
Lemma 2.25. Let B be a k ′ -algebra and assume π = ̟ e . Then u B :
By Lemma 2.24 we are reduced to prove the lemma in the case O = O un ; thus we assume from now on that O ′ /O is totally ramified.
With notation as in the proof of Proposition 2.16, let 
where the first product is taken over Spec(O) and the second over Spec(O ′ ). Clearly 
). This is clear by Lemma 2.2. Uniqueness follows by Remark 2.4 a). Now for any b 0 , . . . ,
hence the evaluation of u (e) at B-rational sections coincides with the homomorphism
Note that if
is endowed with the product ring structure the vertical morphism i Φ O ′ in the above lemma is only a morphism of O ′ -group schemes. If we wish i Φ O ′ to be a morphism of ring schemes we have to endow the
with a multiplication law which twists the components according to the Eisenstein polynomial f ̟ .
We now discuss the injectivity and surjectivity of u Proposition 2.29. Let O ′ /O be a totally ramified extension of degree e and let B be a k ′ -algebra. If B is reduced (resp. semiperfect, perfect) then
, is injective (resp. surjective, bijective).
Proof. For the injectivity, we may assume that B is perfect as in the proof of Lemma 2.23. Let
by Lemma 2.14. Then by (2.19) it is u (e)
, injectivity follows. Now we prove surjectivity in the case B is semiperfect. Recall from Lemma 2.14 that any element of W O ′ (B) can be written in the form
B for all i. Note that the series
where the first isomorphism follows by Lemma 2.14 and the second by the fact that O ′ is a finite free O-module. Now by O ′ -linearity of u (e) B and Lemma 2.18
and we are done.
Since by Lemma 2.24
if B is a perfect k-algebra and O/O 0 is totally ramified, we get (see also [Sch, Prop. 1.1.26 
])
Corollary 2.30. Let B be a perfect k-algebra and e the absolute ramification of O.
We can now generalize Lemma 2.25.
Proposition 2.31. Let O ′ /O be a totally ramified extension of degree e. Assume π = ̟ e and let B be a k ′ -algebra. Then the homomorphism
and it is injective (resp. surjective, bijective) if B is reduced (risp. semiperfect, perfect).
Proof. We have seen in Lemma 2.25 that for any 
As a consequence the injectivity (resp. surjectivity) statement follows from Lemma 2.23.
2.4. Perfection. Let X k be a k-scheme and denote by X pf k the (inverse) perfection of X k , i.e. the perfect k-scheme obtained as inverse limit of copies of X k with Frobenius as transition map. Note that X pf k can also be viewed as the projective limit of X (p −n ) k along the relative Frobenius (which is a k-morphism) and for any perfect k-scheme Z k it is (2.32) [BGA2, Lemma 5.15 and (5.5) ].
Lemma 2.33. Assume that the extension O ′ /O is unramified. Then Drinfeld morphism u = u (O,O ′ ) restricted to special fibers is a universal homeomorphism with pro-infinitesimal kernel and it induces an isomorphism u pf
Proof. By Lemma 2.24 u k is universally injective (resp. surjective) since u L is injective for any field extension L of k (resp. surjective for any perfect field extension L of k) (cf. [EGA I, Prop. 3.7.1 and Prop. 3.6.2] ). Further u k is integral with kernel
by the very explicit description of u k in the proof of Lemma 2.24. Hence u k is a universal homeomorphism [EGA IV 4 , 18.12 .11] with pro-infinitesimal kernel.
We write W O,k ′ for the base change of W O,k to Spec(k ′ ). Note that by Lemma 2.24 the isomorphism u B :
which may be written via (2.32) as a bijection k induces an isomorphism of perfect k-ring schemes (u
Proof. We prove in Lemma 2.35 that u (e) k is an integral morphism with pro-infinitesimal kernel. For the rest, the proof goes exactly as the proof of Lemma 2.33 using Proposition 2.29 in place of Lemma 2.24.
We are then left to prove the following:
Proof. With notation as in the proof of Lemma 2.28, let
Note that once the claim is proved, one proves by induction that X n,i is integral over k
k is integral. Further the kernel of u (e) k is then given by the pro-infinitesimal subscheme
whereᾱ is the image of α in k andr ne+1 is a polynomial with coefficients in k in the indeterminates X m,l with me + l < ne + i.
It suffices then to prove the claim.
We proceed by induction. The base case ne + i = 0 is true since u 0 = Φ ′ 0 (u 0 ) = Φ 0,0 + ̟(. . . ) = X 0,0 + ̟(. . . ). For the general case, assume the claim is proved for all indexes strictly smaller than ne + i. Note now that
and that the indeterminate X s,j , s ≤ ne + i, 0 ≤ j < e, only appears on the right hand side in the monomial
If s > n then the ̟-order of its coefficient is bigger than ne + i; similarly if s = n and j > i. Hence
for any 0 ≤ s ≤ ne + i − 1; hence 
Comparison result
Let O be a complete discrete valuation ring with residue field k = F q and absolute ramification e. Recall the Drinfeld map 
This is a morphism of group schemes and indeed of ring schemes if we define multiplication component wise. However, we want to identify the scheme on the right with the ring scheme W (O 0 ,O) introduced in (2.27), so multiplication on the left hand scheme should twist components. This is possible after restriction to special fibers. Indeed for any k-algebra B, since W (B) is a W (k)-algebra, we may write Proposition 3.1. Let O be a complete discrete valuation ring with residue field k = F q and absolute ramification e. Consider the morphism r : R O → W O,k defined above. If A is a reduced (resp. semiperfect, perfect) k-algebra then r induces a homomorphism of O-algebras r A : R O (A) → W O (A) which is injective (resp. surjective, bijective).
Proof. By Lemma 2.24 u (Zp,O 0 ) (and thus u k ) evaluated in a reduced (resp. semiperfect, perfect) k-algebra satisfies the indicated properties. Similarly for u (e) by Proposition 2.29. Hence the conclusion by definition of r. 
